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Abstract
A nonlocal Alice-Bob Kadomtsev-Petviashivili (ABKP) system with shifted-parities (Pˆ xs and Pˆ
y
s
parities with shifts for the space variables x and y) and delayed time reversal (Tˆd, time reversal with
a delay) symmetries is investigated. Some types of Pˆ ys Pˆ xs Tˆd invariant solutions including multiple
soliton solutions, Painleve´ reductions and soliton and p-wave interaction solutions are obtained
via Pˆ ys Pˆ xs Tˆd symmetry and the solutions of the usual local KP equation. Some special Pˆ
y
s Pˆ
x
s Tˆd
symmetry breaking multi-soliton solutions and cnoidal wave solutions are found from the Pˆ ys Pˆ xs Tˆd
symmetry reduction of a coupled local KP system.
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1
I. INTRODUCTION
In 2013, Ablowitz and Musslimani[1] introduced a integrable nonlocal nonlinear
Schro¨dinger equation
iAt + Axx ± A
2B = 0, B = fˆA = Pˆ CˆA = A∗(−x, t), (1)
where the operators Pˆ and Cˆ are the usual parity and charge conjugation. Similarly, other
types of nonlocal nonlinear PC, PT and PTC symmetric systems such as the coupled nonlocal
NLS systems[2], the nonlocal KdV and modified KdV systems[3–5], the discrete nonlocal NLS
systems[6], and the nonlocal Davey-Stewartson systems[7–9] have been obtained because of
the PTC symmetries. PTC symmetries are important in not only particle physics[10], but
also many other physical fields such as optics[11], quantum field theory[12], electric circuits.
Recently[13], PT-symmetric nonlocal NLS equation (1) is used to describe the extension of
properties of traditional macroscopic magnetic systems[14].
It is well known that there are various correlated and/or entangled events that may be
happened in different times and places. To describe two-place physical problems, Alice-Bob
(AB) systems [15] are proposed by using the shifted parity (Pˆs), delayed time reversal (Tˆd)
and charge conjugate (Cˆ) symmetries. If one event (A, Alice event) is correlated/entangled
another (B, Bob event), we denote the correlated relation as B = fˆA for suitable fˆ operators.
Usually, the event A = A(x, t) happened at {x, t} and event B = B(x′, t′) happened at
{x′, t′} = fˆ{x, t}. In fact, {x′, t′} is usually far away from {x, t}. Hence, the intrinsic
two-place models or Alice-Bob systems are nonlocal. In addition to the nonlocal nonlinear
Schro¨dinger equation (1) [16], there are many other types of two-place nonlocal models, such
as the nonlocal KdV systems [17], the nonlocal modified KdV systems [4, 5], the discrete
nonlocal NLS systems [6], the coupled nonlocal NLS systems [2] and the nonlocal Davey-
Stewartson systems [7–9], etc.
In [15], one of us (Lou) proposed a series of integrable AB systems including the ABKdV
systems, ABmKdV systems, ABKP systems, AB-sine Gordon (ABsG) systems, ABNLS
systems, AB-Toda (ABT) systems and ABAKNS systems. Furthermore, by using the
Pˆ ys , Pˆ
x
s , Tˆd and Cˆ symmetries, their Pˆ
y
s , Pˆ
x
s , Tˆd and Cˆ invariant multi-soliton solutions
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are obtained in elegant forms.
In addition, Lou established a most general ABKdV equation and presented its Pˆ ys , Pˆ
x
s , Tˆd
and Cˆ invariant Painleve´ II reduction and soliton-cnoidal periodic wave interaction solutions
for the ABKdV system [18]. However, to find Pˆ ys , Pˆ
x
s , Tˆd and Cˆ symmetry breaking solutions
is much more difficult.
In this paper, influenced by the idea of [17, 18] we investigate a special ABKP system with
Pˆ ys Pˆ
x
s Tˆd symmetry. The Pˆ
y
s Pˆ
x
s Tˆd invariant solutions are obtained by applying the Pˆ
y
s Pˆ
x
s Tˆd
symmetry to the solution of the local KP equation while the Pˆ ys Pˆ
x
s Tˆd symmetric breaking
solutions are solved by introducing a coupled KP system.
II. AN ABKP SYSTEM
In this section, we study a special ABKP system
[At + Axxx +
3
2
(A +B)(Bx + 3Ax)]x + σ
2Ayy = 0,
B = Pˆ xs Pˆ
y
s TˆdA = A(−x+ x0, −y + y0, −t + t0)
(2)
with arbitrary constants x0, y0 and t0.
The ABKP system Eq.(2) can be derived by applying the consistent correlated bang (CCB)
approach to the usual KP equation
(ut + 12uux + uxxx)x + σ
2uyy = 0 (3)
as follows the reference [18]. The KP equation (3) firstly derived to study the evolution of
long ion-acoustic waves of small amplitude propagating in plasmas under the effect of long
transverse perturbations [19]. The KP equation was widely accepted as a natural extension
of the classical KdV equation to two spatial dimensions, and was later derived as a model
for surface and internal water waves [20], and in nonlinear optics [21] and almost in all other
physical fields such as in shallow water waves, ion-acoustic waves in plasmas, ferromagnetics,
Bose - Einstein condensation and string theory. The KP equation is also used as a classical
model for developing and testing of new mathematical techniques.
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The first step of CCB is to bang a single equation to a coupled system. The simplest way
is substituting the ansatz u = 1
2
(A+B) into the usual KP equation (3)
[At +Bt + Axxx +Bxxx + 6(A+B)(Ax +Bx)]x + σ
2(Ayy +Byy) = 0 (4)
which can be banged to two equations[
At + Axxx +
3
2
(A +B)(Bx + 3Ax)
]
x
+ σ2Ayy +G(A,B) = 0,[
Bt +Bxxx +
3
2
(A +B)(Ax + 3Bx)
]
x
+ σ2Byy −G(A,B) = 0, (5)
where G(A, B) is an arbitrary functional of A and B.
The second step of CCB is to take a correlation
B = fˆA (6)
between the fields A and B for a suitable operator fˆ which can be taken as one of the
elements of the eighth order PTC group
G = {I, Cˆ, Pˆ xs Tˆd, Pˆ
y
s , CˆPˆ
x
s Tˆd, CˆPˆ
y
s , Pˆ
x
s TˆdPˆ
y
s , CˆPˆ
x
s TˆdPˆ
y
s }, (7)
where the operators Cˆ, Pˆ xs , Tˆd and Pˆ
y
s are defined as
CˆA = A∗, Pˆ xs x = −x+ x0, Pˆ
y
s y = −y + y0, Tˆdt = −t + t0.
The last step of CCB is to fix the consistent condition under the correlation (6). Applying
the correlation (6) on the banged system (5) will lead to a compatibility condition
G(A,B) = −fˆG(A,B),
which means the arbitrary functional G(A,B) should be fˆ antisymmetric.
Generally there are numerous functionals satisfying fˆ antisymmetric condition. For sim-
plicity, in this paper, we discuss only for G(A,B) = 0 and
fˆ = Pˆ xs TˆdPˆ
y
s .
Thus, the banged system (5) is reduced to the special ABKP system (2).
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III. Pˆ xs Pˆ
y
s Tˆd INVARIANT SOLUTIONS TO THE ABKP SYSTEMS
As the ABKP system (2) is directly derived from the usual KP equation (3), all the
Pˆ xs Pˆ
y
s Tˆd invariant solutions of the KP equation (3) are also solutions to the ABKP system
(2). Various exact solutions of the KP equation (3) have been studied in literature. Thus
we can start from those known solutions of (3) to select out the Pˆ xs Pˆ
y
s Tˆd invariant ones for
the ABKP system (2). Here we list three special significant examples, the multiple solitons,
the Painleve´ reductions and the interaction solutions between soliton and p-waves including
cnoidal periodic waves.
A. Pˆ xs Pˆ
y
s Tˆd invariant multi-soliton solutions
For the KP equation (3), it is well known that the multiple soliton solution possesses the
form [22]
u = (lnF )xx, (8)
F =
∑
ν
exp
(
N∑
j=1
νjξj +
N∑
i≤j≤
νjνiθij
)
, (9)
where the summation of ν should be done for all permutations of νi = 0, 1, i = 1, 2, . . . , N
and
ξj = kjx+ ljy − k
−1
j
(
k4j + σ
2l2j
)
t+ ξ0j , exp(θij) =
3k2i k
2
j (kj − ki)
2 − σ2(ljki − likj)
2
3k2i k
2
j (kj + kl)
2 − σ2(ljki − likj)2
. (10)
It is clear that the solution (8) with (9) and (10) is not Pˆ xs Pˆ
y
s Tˆd invariant. To find the
N-soliton solution of the ABKP system (2), we rewrite (10) as
ξj = ηj −
1
2
j−1∑
i=1
θij −
1
2
N∑
i=j+1
θij (11)
where
ηj = kj
(
x−
1
2
x0
)
+ lj
(
y −
1
2
y0
)
− k−1j
(
k4j + σ
2l2j
)(
t−
1
2
t0
)
+ η0j , (12)
then the N-soliton solution of the KP equation (3) becomes [15]
u =
[
ln
∑
ν=−1,1
Kν cosh
(
1
2
N∑
j=1
νjηj
)]
xx
, (13)
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where the summation of ν = {ν1, ν2, . . . , νN} should be done for all non-dual permutations
of νi = 1, −1, i = 1, 2, . . . , N (ν and ν
′ are dual if ν = −ν ′), and
Kν =
∏
i>j
√
3k2i k
2
j (ki − νiνjkj)
2 − σ2(likj − kilj)2.
From the expression (13), it is easy to see that
A = uη0j=0 (14)
solves the ABKP system (2). The solution (14) with (12) and (13) to the ABKP system (2)
is Pˆ ys Pˆ
x
s Tˆd invariant because A = uη0j=0 = Pˆ
y
s Pˆ
x
s Tˆduη0j=0.
B. Pˆ
y
s Pˆ
x
s Tˆd invariant Painleve´ reduction solutions to the ABKP systems
The knowledge of the symmetries is very useful to enhance our understanding of complex
physical phenomena, to simplify and even completely solve the complicated problems. Fur-
thermore, the study of symmetries has been manifested as one of the most important and
powerful methods in almost every branch of science especially in physics and mathematics.
It is particularly fundamental to find the symmetries of a nonlinear equation in the devel-
opment of the theory of the integrable systems because of the existence of infinitely many
symmetries[23–25].
By using a direct method or nonclassical symmetry approach one can find that the usual
KP equation (3) possesses a symmetry reduction solution [26]
u =
1
12θ2
[
−θθtx− θδt − σ
2
(
θ2yx
2 + 2xθyδy + δ
2
y
)]
+
1
2
θ2w(z), (15)
z = θx+ δ, θ = θ(y, z) (16)
θyy = aσ
2θ5, (17)
θt + σ
2δyy = (aδ + b)θ
4 (18)
with two arbitrary constants a and b and the ordinary differential reduction equation
w′′′′ + 6(w′2 + ww′′) + (az + b)w′ + 2aw =
1
3
(az + b)2 (19)
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which is equivalent to the Painleve´ IV equation (a 6= 0), Painleve´ III equation (a = 0, b 6= 0)
and Painleve´ II equation (a = b = 0). All solutions of (17) and (18) have been listed in [26].
Therefore, in order to search Pˆ ys Pˆ
x
s Tˆd invariant reduction solutions for the ABKP system
(2), Some special constraints have to be added for the solutions of (17) and (18). For
simplicity, we consider only the case of x0 = y0 = t0 = 0 of (2) for the Painleve´ reduction
solutions (15). From the equations (15), (16), (17), (18) and (19), we can find the Pˆ yPˆ xTˆ
invariant Painleve´ reduction solutions
A =
1
12θ2
[
−θθtx− θδt − σ
2
(
θ2yx
2 + 2xθyδy + δ
2
y
)]
+
1
2
θ2w(z), (20)
for the ABKP system (2) for x0 = y0 = t0 = 0, where θ and δ are solutions of (17) and (18)
under the conditions
θ = −θ(−y, −t), δ = δ(−y, −t), b 6= 0, (21)
or
θ = ±θ(−y, −t), δ = ∓δ(−y, −t), b = 0. (22)
C. Interaction solutions between soliton and p-wave of the ABKP systems
Many authors have studied interaction solutions among different type of nonlinear excita-
tions, especially, the soliton-cnoidal wave interaction solutions for many nonlinear systems
such as the KdV equation and the KP equation [27, 28]. For example, one can directly prove
that the KP equation (3) possesses an interaction solutions between a soliton and a p-wave
u = −f 2x tanh
2(f) + fxx tanh(f)−
1
12
f 2yσ
2
f 2x
+
2
3
f 2x
−
1
3
fxxx
fx
−
1
12
ft
fx
+
1
4
f 2xx
f 2x
, f = kx+ ly + ωt+ p0 + p, (23)
where k, l, ω and p0 are arbitrary constants and the p-wave satisfies[
ω + pt
k + px
+
2(k + px)pxxx − 3p
2
xx + σ
2(l + py)
2
2(k + px)2
− 2(k + px)
2
]
x
+ σ2
(
l + py
k + px
)
y
= 0. (24)
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For vanishing p-wave, p = 0, the solution (23) reduces back to the single soliton solution of
the usual KP equation (3).
For traveling p-wave, the solution of (24) can be written as
p =
∫
W (X)dX, X = k1x+ l1y + ω1t+X0, (25)
with W =W (X) being a solution of
W 2X = 4W
4 + c3W
3 + c2W
2 + c1W + c0, (26)
c1 =
2kc2
k1
−
3c3k
2
k21
−
2l1σ
2
k51
(kl1 − k1l) +
16k3
k31
−
kω1
k41
+
ω
k31
, (27)
c0 =
k2c2
k21
−
2c3k
3
k31
−
σ2
3k61
(kl1 − k1l)(5kl1 + k1l) +
12k4
k41
−
k2ω1
k51
+
kω
k41
, (28)
while c2, c3, k, k1, l, l1, ω, ω1 and X0 are all arbitrary constants.
Because of the Mo¨bious transformation invariance of (26), its solution can be expressed
by means of the Jacobi elliptic functions [29],
W =
a sn(X, m) + b
1 + c sn(X, m)
, a = bc±
√
(c2 − 1)(c2 −m2), (29)
with arbitrary constants b, c, m and the dispersion relation
ω1 =
k1
k
ω −
k51
k2
c0 + k
3
1c2 − 2kk
2
1c3 + 12k1k
2 −
σ2
3k1k2
(5kl1 + lk1)(kl1 − k1l), (30)
under the parameter constraint
(kl1 − k1l)
2σ2 = 3k21(k
4
1c0 − kk
3
1c1 + k
2k21c2 − k1k
3c3 + 4k
4), (31)
where
c0 = 4b
4 + (a+ bc)
(
4b2
a− bc
c2 − 1
+
a2 − b2
a− bc
)
,
c1 = 8b
a2 + abc− 2b2
1− c2
− 6ab
c2 − 1
a− bc
− 4b− 4ac,
c2 = 4b
2 + 4 + (c2 − 1)
5a+ bc
a− bc
+ 4
a2 + 4abc− 5b2
c2 − 1
c3 = −16b− 2c
c2 − 1
a+ bc
− 8c
a− bc
c2 − 1
. (32)
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Especially, if we take b = c = 0, then the solution (29) becomes
W =
m
2
sn(X, m), p =
1
2
ln [dn(X, m)−mcn(X, m)] , (33)
ω1 =
k1
k
ω −
k51m
2
4k2
− (m2 + 1)k31 −
σ2
k2k1
(5kl1 + lk1)(kl1 − lk1) + 12k
2k1, (34)
(kl1 − lk1)
2σ2 =
3
4
m2k61 − 3(m
2 + 1)k2k41 + 12k
2
1k
4. (35)
Unfortunately, though (23) with (25) and (29) (and then (33)) is a solution of the usual
KP equation (3), it can not be used to find nontrivial solution of the ABKP equation (2).
It is interesting that some special solution of (26) can also be expressed by means of the
Jacobi elliptic functions in some alternative ways, say,
W =
a sn2(X, m) + b
1− c sn2(X, m)
, a = −bc±
√
c(c− 1)(c−m2), (36)
p =
(
b+
a
c
)
Epi(sn(X, m), c,m)−
a
c
X, (37)
Epi(z, c,m) ≡
∫ z
0
dt
(1− ct2)
√
(1− t2)(1−m2t2)
(38)
with
ω1 =
k1
k
ω −
k51
k2
c0 + k
3
1c2 − 2kk
2
1c3 + 12k1k
2 −
σ2
3k1k2
(5kl1 + lk1)(kl1 − k1l), (39)
under the parameter constraint
(kl1 − k1l)
2σ2 = 3k21(k
4
1c0 − kk
3
1c1 + k
2k21c2 − k1k
3c3 + 4k
4), (40)
where
c3 =
4(2a2 + c3 − cm2 − 2b2c2)
c(a+ bc)
,
c2 =
(a
c
− 2b
)
c3 + 4c− 12b
2 +
8ab
c
−
4a2
c2
,
c1 =
(
ab
c
− b2 −
a2
c2
)
c3 +
(a
c
− b
)
c2 +
4
c3
(a− bc)(a2 + b2c2),
c0 =
a3
c3
c3 −
a2
c2
c2 +
a
c
c1 −
4a4
c4
.
From solution (23) with (24) of the usual KP equation (3), we know that (23) is not a
solution of the ABKP equation (2) except that f and p is antisymmetric with respect to
9
the operator Pˆ ys Pˆ
x
s Tˆd. Thus the Pˆ
y
s Pˆ
x
s Tˆd invariant interaction solutions between soliton and
p-wave possess the form
A = −f 2x tanh
2(f) + fxx tanh(f)−
1
12
f 2yσ
2
f 2x
+
2
3
f 2x
−
1
3
fxxx
fx
−
1
12
ft
fx
+
1
4
f 2xx
f 2x
, f = k
(
x−
x0
2
)
+ l
(
y −
y0
2
)
+ ω
(
t−
t0
2
)
+ p, (41)
with p being a solution of the p-wave equation (24) under the antisymmetric condition
Pˆ ys Pˆ
x
s Tˆdp = −p. (42)
For the travelling p-wave solution (37), if we fix the constant X0 = −
1
2
(k1x0 + l1y0 + ω1t0),
then it will satisfy the antisymmetric condition (42), i.e.,
p =
(
b+
a
c
)
Epi(sn(ξ,m), c,m)−
a
c
ξ, ξ = k1
(
x−
x0
2
)
+ l1
(
y −
y0
2
)
+ ω1
(
t−
t0
2
)
, (43)
where ten constants a, b, c, m, k, k1, l, l1, ω and ω1 satisfy only three conditions (36),
(39) and (40).
It is worth to mention that all the Pˆ ys Pˆ
x
s Tˆd invariant solutions obtained in this section are
solutions not only for the ABKP equation (2) but also for all ABKP equations
F (A, B) = 0, F (u, u) = KP, (44)
where KP is defined as (3).
For more concretely, the multiple soliton solutions (14), the Painleve´ reductions (20) and
the soliton-p-wave interaction solution (41) with (24) and (42) (and then the soliton-cnoidal
wave interaction solution (41) with (43)) are solutions for all ABKP equations (44), especially
for [
At +
f1(A,B)
f1(B,A)
Axxx +
3f2(A,B)
2f2(A,B)
(
A +
f3(A,B)
f3(B,A)
B
)(
Bx + 3
f4(A,B)
f4(B,A)
Ax
)]
x
+ σ2
f5(A,B)
f5(B,A)
Ayy + f6(A,B)− f6(B,A) = 0,
B = Pˆ xs Pˆ
y
s TˆdA = A(−x+ x0, −y + y0, −t + t0)
(45)
with arbitrary functionals fi(A,B), i = 1, 2, . . . , 6.
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It should be emphasized that the existence of multiple soliton solutions of (44) and (45)
does not imply the integrability of (44) and (45). In other words, the existence of multi-
soliton solutions of a partial differential system is not a sufficient condition of the integrability
of the related model.
The Pˆ ys Pˆ
x
s Tˆd invariant solutions mean the event happened at {x, t} will happen also at
{x′, t′} ≡ {−x + x0,−t + t0}. Then new problems arise up: Are there and how to obtain
Pˆ ys Pˆ
x
s Tˆd symmetry breaking solutions of the ABKP system (2)?
IV. Pˆ
y
s Pˆ
x
s Tˆd SYMMETRY BREAKING SOLUTIONS OF THE ABKP SYSTEM (2)
In this section. we aim to search for the Pˆ ys Pˆ
x
s Tˆd symmetry breaking solutions of the
ABKP system (2). Motivated by the Pˆ ys Pˆ
x
s Tˆd symmetry invariant solutions of the nonlocal
ABKP system (2) being obtained from those of the usual local KP equation (3), we now
construct the Pˆ ys Pˆ
x
s Tˆd symmetry breaking solutions of the nonlocal ABKP system (2) from
a coupled local KP system[
ut + uxxx +
3
2
(u+ v)(vx + 3ux)
]
x
+ σ2uyy = 0, (46)
[
vt + vxxx +
3
2
(u+ v)(ux + 3vx)
]
x
+ σ2vyy = 0. (47)
It can be directly found that the coupled KP system (46)-(47) possesses a special reduction
of
v = B, u = A, B = A(−x+ x0,−y + y0, −t + t0), (48)
which makes the coupled KP system (46)-(47) being reduced to the nonlocal ABKP equation
(2).
Thus, to look for the exact solutions of the ABKP equation (2) is equivalent to find out
the exact solutions of the coupled KP equation system (46)-(47) with a special reduction
condition (48).
In this section, we will show details on how to obtain the Pˆ ys Pˆ
x
s Tˆd symmetric breaking
solutions of the ABKP system (2) with the help of the coupled KP system (46)-(47).
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A. Symmetry breaking multiple soliton solutions of the ABKP system (2)
As we have known, one of the notable features of the integrable system is possessing of
multiple soliton solutions though it is not a sufficient condition. Many reliable methods
are used in literatures to examine the soliton solutions of integrable nonlinear evolution
equations. The Hirota bilinear method[30], the Ba¨cklund transformation method, the inverse
scatting method[31], the Painleve´ analysis, and others are effectively used to determine
soliton solutions for completely integrable equations. Among all methods, the tanh and
elliptic function expansion approach [32–35] is one of the simplest and effective methods to
search for one solitary wave and one periodic travelling wave for integrable and nonintegrable
systems.
Because the Pˆ ys Pˆ
x
s Tˆd symmetry invariant multiple solitons have been obtained from the
usual KP equation, it is reasonable to assume that the multiple soliton solutions of the
coupled KP system (46)-(47) possess the form
u = (lnψ)xx + aqx, v = (lnψ)xx − aqx, (49)
with a symmetry invariant part (q independent part) and symmetry breaking part (q depen-
dent part), where ψ is a solution of the usual bilinear KP equation
(DxDt +D
4
x + σ
2D2y + (λ1 + λ2)x+ λ)ψ · ψ = 0, (50)
DxDyDtψ · ψ ≡ (∂x − ∂x′)(∂y − ∂y′)(∂t − ∂t′)ψ(x, y, t)ψ(x
′, y′, t′)|
x′=x,y′=y,t′=t
and λ, λ1 and λ2 are arbitrary functions of {y, t}. It is straightforward to check that
substituting (49) into the coupled KP system (46)-(47) yields the equation system (50) and
qxt + σ
2qyy + 6(lnψ)xxqxx + qxxxx =
1
2
(λ2 − λ1). (51)
If
λ2 = −λ1 =
1
2
λ,
(51) possesses a special solution
q = ln ψ. (52)
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Furthermore, if we take
λ1 = λ2 = λ = 0, (53)
we can obtain a special multiple soliton solution of the coupled KP equation system (46)-(47)
in the form
u = (∂2x + a∂x) lnF, (54)
v = (∂2x − a∂x) lnF, (55)
where F is given by (9). Now, using the symmetry reduction condition (48), we get the
Pˆ ys Pˆ
x
s Tˆd symmetry breaking multiple soliton solution for the ABKP system (2)
A = (∂2x + a∂x) ln
∑
ν=−1,1
Kν cosh
(
1
2
N∑
j=1
νjηj
)
, (56)
Kν =
∏
i>j
√
3k2i k
2
j (ki − νiνjkj)
2 − σ2(likj − kilj)2,
ηj = kj
(
x−
1
2
x0
)
+ lj
(
y −
1
2
y0
)
− k−1j
(
k4j + σ
2l2j
)(
t−
1
2
t0
)
,
where the summation of ν = {ν1, ν2, . . . , νN} should be done for all non-dual permutations
of νi = 1, −1, i = 1, 2, . . . , N .
It is clear that when the symmetry braking parameter a is fixed as zero, the symmetry
breaking multiple soliton solution (56) is reduced back the symmetry invariant solution (14)
given in the last section.
To get more general symmetry breaking multiple soliton solutions of the coupled KP and
then the nonlocal ABKP systems, we have to study the general solutions of (50) and (51).
Here, we just give a discussion for the single soliton case with the condition (53).
For the single soliton solution of (50) with (53), we have
ψ = cosh
ξ
2
, ξ = kx+ ly −
k4 + σ2l2
k
t + η0 (57)
and the q equation (51) becomes
qxt + σ
2qyy +
3
2
sech2
ξ
2
qxx + qxxxx = 0 (58)
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which can be solved via variable separation approach
q =
M∑
i=1
Ξi(ξ)Yi(y, t), (59)
where Ξi and Yi are solutions of
Ξ′′′′i +
1
2
[
1− 3 tanh2
(
ξ
2
)]
Ξ′′i + βiΞ
′
i + αiΞi = 0, (60)
and
Yi,yy = −α
2
i σ
2k4Yi, Yi,t = βik
3Yi − 2lσ
2k−1Yi,y (61)
with arbitrary variable separated parameters αi and βi.
The general solution of (61) can be written as
Yi =

 (ciky − 2cilσ
2t + di)e
βik
3t, αi = 0
ci sin[αik(kσy − 2lσ
−1t+ di)]e
βik
3t, αi 6= 0
(62)
with arbitrary constants ci and di.
Though the Ξ equation (60) is only a variable coefficient linear ordinary equation, it is
still very difficult to get general solution for αi 6= 0. Here, we write down only a special case
for αi = βi = 0,
Ξi = c1 + c2ξ + c3 ln
(
cosh
ξ
2
)
+ c4
∫ [
cosh(ξ) + 3ξ tanh
(
ξ
2
)]
dξ (63)
Combining the solutions (49), (59), (62), (63) and the reduction condition (48), we get a
single symmetry breaking soliton solution
A = −k2sech2
ξ
2
+ η(b0 + b2 cosh ξ) + (b1 + b2ξη) tanh
ξ
2
, η = ky′ − 2lσ2t′, (64)
ξ = kx′ + ly′ −
k4 + σ2l2
k
t′, x′ ≡ x−
x0
2
, y′ ≡ y −
y0
2
, t′ ≡ t−
t0
2
(65)
with arbitrary constants a0, a1, a2, b0, b1 and b2. The solution (64) is Pˆ
y
s Pˆ
x
s Tˆd symmetry
breaking for b20 + b
2
1 + b
2
2 6= 0 and symmetry invariant for b0 = b1 = b2 = 0. The symmetry
breaking solution is analytic only for b0 = b2 = 0.
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B. Pˆ
y
s Pˆ
x
s Tˆd symmetry breaking cnoidal wave solutions
In this subsection, we try to explore the Pˆ ys Pˆ
x
s Tˆd symmetry breaking cnoidal wave solutions
for the ABKP system (2). As stated before, we first start from the coupled KP system
(46)-(47) to construct the conidal wave solutions, and then apply the constraint reduction
v = Pˆ ys Pˆ
x
s Tˆdu to these solutions of coupled KP system (46)-(47) to find the solutions of the
ABKP system (2).
In fact, because any function can be separated to the summation of the symmetry and
antisymmetry parts. Thus we can always write the solutions of the coupled KP system
(46)-(47) in this way
u = w + zx, v = w − zx, (66)
where w and z present Pˆ ys Pˆ
x
s Tˆd symmetric and antisymmetric part respectively. As men-
tioned in section III, for the ABKP systems, Pˆ ys Pˆ
x
s Tˆd symmetric solutions should be special
solutions of the usual KP equation. Substituting (66) into the coupled KP system (46)-(47)
we find that w is a solution of the usual KP equation (3) while z should be solution of the
following z equation
zxt + zxxxx + σ
2zyy + 6wzxx = 0. (67)
For the cnoidal wave solution of the usual KP equation, we take
w = −
1
4
k2m2sn2
(
1
2
ξ
)
, m)2 +
k2
8
(m2 + 1), ξ = kx+ ly −
1
2k
[k4(1 +m2) + 2l2σ2]. (68)
Substituting (68) into (67) and using variable separation approach, one can find a special
solution
zξ = [a1 + b1(ky − 2lσt)]sn
(
ξ
2
, m
)
+ [a2(ky − 2lσ
2t) + b2]
+[a3 + b3(ky − 2lσ
2t)]
∫
H
(
1−m2,
m2
4
−
5
4
,−1,
3
2
,
1
2
,
1
2
, dn2
ξ
2
)
dξ
+[a4 + b4(ky − 2lσ
2t)]
∫
H
(
1−m2,−
3
4
,−
1
2
, 2,
3
2
,
1
2
, dn2
ξ
2
)
dn
ξ
2
dξ, (69)
where ai and bi, 1, 2, 3, 4 are arbitrary constants and the function H = H(a, q, α, β, γ, δ, x)
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is defined as the known Heun general function which is a solution of the Heun equation
Hxx =
[
(α+ β + 1)
a− x
−
aγ
x(a− x)
−
(a− 1)δ
(x− 1)(a− x)
]
Hx +
(αβx− q)H
x(x− 1)(x− a)
, (70)
H(0) = 1, Hx(0) =
q
γa
.
Finally, using the symmetry reduction condition, v = Pˆ ys Pˆ
x
s Tˆdu, we get a special symmetry
breaking cnoidal solution
A =
k2
8
(m2 + 1)−
1
4
k2m2sn2
(
1
2
ξ
)
, m)2 + a1sn
(
ξ
2
, m
)
+ a2(ky
′ − 2lσ2t′)
+a3
∫ ξ
H
(
1−m2,
m2
4
−
5
4
,−1,
3
2
,
1
2
,
1
2
, dn2
x
2
)
dx
+a4
∫ ξ
H
(
1−m2,−
3
4
,−
1
2
, 2,
3
2
,
1
2
, dn2
ξ
2
)
dn
x
2
dx (71)
for the ABKP equation (2), where {ξ, y′, t′} are defined by (65). When a1 = a2 = a3 = a4 the
Pˆ ys Pˆ
x
s Tˆd symmetry breaking solution (71) reduces back to the symmetry invariant periodic
wave solution.
V. SUMMARY AND DISCUSSION
In summary, a special ABKP system is directly obtained from KP equation to describe
two-place physical events by using consistent correlated bang. The ABKP system possesses
Pˆ ys Pˆ
x
s Tˆd symmetry which means the ABKP system is invariant under the transformation
{x→ −x+ x0, y → −y+ y0, t→ −t+ t0}. The ABKP system is nonlocal and can be used
to describe some special two-place physical problems.
With the help of the usual local KP equation and a local coupled KP system, we ob-
tained some types of exact Pˆ ys Pˆ
x
s Tˆd invariant and Pˆ
y
s Pˆ
x
s Tˆd symmetry breaking solutions for
the ABKP systems with different methods. The Pˆ ys Pˆ
x
s Tˆd invariant solutions of the ABKP
systems (2), (45) and (44), such as multiple soliton solutions, soliton p-wave interaction so-
lutions and symmetry reduction solutions (Painleve´ IV, III and II reductions) are obtained
from those of the usual local KP equation (3) by the Pˆ ys Pˆ
x
s Tˆd invariant principle. The Pˆ
y
s Pˆ
x
s Tˆd
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symmetric breaking solutions, such as the multiple soliton solutions and periodic waves are
obtained from a coupled KP system which show rich structures of the ABKP system.
Though the results of the nonlocal ABKP system (2) are obtained via the usual local KP
equation (3) and the local coupled KP system (46)-(47), the solutions of the nonlocal ABKP
(2) possess much more abundant structure than those of the local KP equation (3) even if
for the single soliton and single travelling periodic wave.
In this paper, we investigate only some types of special solutions of a special nonlocal
ABKP equation (2). There are various important problems on the nonlocal multi-place KP
systems should be deeply studied. In fact, there are some different types of non-localities
such as those pointed out in (7) and there are also many other types of nonlocal KP equations
such as those listed in [15] and equations (44), (45) and (5). Many four place nonlocal KP
systems have also been given by one of us (Lou), for instance, one set of integrable two-place
and four place KP systems can be written as
qxt +
(
qxx +
3
2
‖ u ‖2
a− 1
+ 6uq − 3βvw
)
xx
+ 3σ2qyy = 0, (72)
u ≡ (1 + fˆ + gˆ + fˆ gˆ)q, ‖ u ‖2≡ (1 + fˆ + gˆ + fˆ gˆ)q2,
v ≡ (a+ fˆ)(1 + gˆ)q, w ≡ (1 + fˆ)(1− gˆ)q
with arbitrary constants a and β and fˆ , Gˆ ∈ G while the symmetry group G is defined in
(7).
Because there exist various two-place and multi-place correlated physical events in almost
all natural scientific fields, the multi-place physical problems and multi-place mathematical
models should be attracted more attentions.
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